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AITANTHXEIX

OEMA A

Al. B\éme Zyohxo Bifiio, oerida 217 v andoeiln tov Ocwpfuarog.

A2. B\éme Zyohko Bifiio, oerida 150 tov opioud tov peyictov.

A3. Bléne Tyohko Bifhio, oekida 234 v amddeién tov tomov (o) = o Ina.

Ad4. i AbBnc. Biéne Zyohkd Bipirio, cehida 152 ta oyoia.
ii. Wevdnc. Biéme Zyolikd Bifhio, aerida 90 tig duvapelg tovt pg v = 3.
iii.  AnOnc. BAéne Eyohikod Bifdo, oekide 165 to Osdpnua 1°,
iv. = AlnOnc. BAéne Zyoiko BijAio, cedida 24 1 Tov opiopd tov pvopov

netafoirc.
V. AnOne. BAene Zyokikd Bifiio, cekida 261 10 oydA10 Tov Oemwpnipatog
tov Fermat.

OEMA B

Bl. Ta nedia opiopo? tov f, g eivon avtictoyo to Af= IR ko A, = (0, +o0)

e H fog &ye1 medio opiopov to chvoro
{xeA, ko g(x)e Ag} ={x>0 ko g(x)e IR} = (0, +o0)

[Ma té€toteg TIHEG TOL X, EXOVIE:

(fog) (1) = (g(x)) =" * == =x
Qote (fog)(x)=x pexe(0,+»)

e H gof opiletou 610 GHVOAO
{xeA; ku f(x)e A} = {xeRko €7>>0} =R
["a té€To1eg TIHEG TOL X, EXOVUE:
(gof )(x)=Inf(x)+2=Ine"?+2=(x-2)+2=x

Qorte (gof)(x) =x pexelR

[Mopatnpovpue 6Tt 01 cuvaptioelg fog kan gof dev Exovv 10 1d10 MEdi0
opIop0Y, ETOUEVMC OV Elvar 10€G.
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B2.

B3

B4.

[Na kabe x;, x,€IR €yrovpe
X, #X, > X, —2#x,-2>e" T #e" o f(x) = f(x,)
Emopévagn f etvan 1 — 1 xou €xer avtiotpoen. ‘Exovpe
y=f(x)oy=¢e"
< x-=2=Ilny, y>0
Sx=lhy+2, y>0
Apaf '(x)=Inx+2, x>0

@cwpodpe ™y cuvaptnon h(x)=e*’-Inx-2, xe [e‘z, 2:| :

e H h eivar cvveyng. Ipdyport n cuvaptnon e eivar coveyns, wg cHvOson

NG TOAVOVLIKNG X — 2 pE TNV ekBeTikn €*, o1 omoieg eivan cuvveyeic.
Emopévaog n h eivan ovveyng, yoti mpokdntel and mpdiel tov cuveyv
cvvopticemv e 7, Inx (AoyopOpukn) xon 2 (otabepn).

e Eivaa
h(e’z)z B T2 _n SR TR O DR -2
Kol
h(2)=e*?-1n2-2=-1-1n2<0
Onote:

h(e?)-h(2)=e" ?(-1-In2)<0
Epapudleran, emopévac to @sbdpnua tov Bolzano yia v h oto didothua
[e7, 2], onote vrdpyerl xoe( e, 2) pe h(xo) = 0. Tote
h(x,)=0&e“?-Inx,-2=0& "7 =Inx, +2
Avto onpaiver, otin eéicwon e’ =Inx+2 £yl g pila Tov apdud
X0 € (€7,2) ko omodetkviet To {nTovpevo.

. f(x . oe¥?
Eivox lim ) = lim =0, yri
X—>—00 (gof)(x) X—>—00 X
S - B | )
lim e zhm—z:—zhme =—-0=0 kot limx=-o
X—>—0 X—>-» @ e’ x> e X—>—0
Axopa, Tim =800 _ i INXF2 80 dim (nx +2) = 400 ko lim x = 4o
X—>+0 (ng)(X) X—>+o0 X X—>+00 X—>+00

. , , O _, . (Inx+2)" . 1 , ,
gxovpe ampocdiopiot popen —. Eivon lim ~——== lim — =0, ondte amd
o0

X—>+00 (X) X0 %
to avtiotoryo Bedpnua tov De L” Hospital &yovpe:
g(x) . Inx+2 . (Inx+2)'
———=lim—=lim ——% =

= 0
X—>+00 (ng)(X) X—>+o0 X X—>+o0 (X) !
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Qote lim — ) _ fim 8%
oo (gof )(x) x> (fog)(x)

OEMAT
Irr. i Eivou 1+307 #0, omoTeE:
1 ~[Faoa
f(x)= e’ 1)
) 1+ 30’
H ovvapmon 2tf(t) eivonr ovveyng, g ywopevo Ttwv ocouveydv
ocuovaptnoewv 2t kon f (t), omdte n cvvdpmon mov opileTon amd TO
orloKAMpO UL LXth (t)dt eivon mapoaywyiowun, dpa kor M —J:Xth(t)dt
givan  mopaywyiown. Emopévog mn cvvaptnon e_Il O etvan
Topay®Yiclun  ®G GOUVOECT TUPAY®YICIU®V  GLVOPTHCEWMV, TNG
_J'lx 2f (t)dt pe v ekbetikn e*. To ywvouevo g emi tov apliuod #,
+3a
onAaon n £(x) = N % i eivan Topoy@yicwun. ‘Exovpe
o
1 7jx2tf(t)dt | 1 J'Xth(odt( x )
f'l(x)=———|e " =———e"l — | 2tf(t)dt
o l+3oc2(e j I+307 jl Q
= f(x)(— 2xf (x)) = -2xf > (x)
ii. o k6P x € IR givon £ (x)> 0, apod 1430’ >0 ko efIl “9%>0. "Ero
f'(x) = -2xf*(x) & fz(X) =-2Xx & . = (Xz),
£7(x) f(x)
Emopévag vrdpyer ce IR dote
2
i 2
0 X“+¢ (2)
H (1) yio x=1 diver f(1) = ! =
1+3a
H (2) divel %:14—0@14-30(2 =l+c < c=3a’
Apan (2) oiver f(x)=— -, 7o kdle x € R
X* +30
I'2. ’'Eyovue

o

o e t 1o (430 [ 2 2
jo tf(t)dt_jo de=—[" “——Fdt= SIn| €430

t* +3a’ 27 t? 430’ o
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len 4a° —lln 30’ :llni
2 3

H tym vt eitvon aveEdptntn ToL 0.

I'3. Hf, ogpnt, eivon cuveyng kon 600 popéc mapaywyiciun oto R pe
, 1) x%+3a?) 2x
f(X):[ 2 zj:_(z 2)2:_ 2 242
X~ +3a (x"+3a7) (x”"+3a7)
To mpéonpo g f* pe v povotovia kKo to akpotato g f @aivovion otov
EMOUEVO TIVOKOL:

400

f +
f / o T~

H f givon yvnoiog avéovoa oto dtdotnpa (—o, 0], yvnoimg bivovea cto

|

[0, +o0) Ko £xe1 0AK6 péyioto o £(0) = B
o

—| o | @

[w v " &ovue:

: x*+3a’) = x| (x* +30)?
S kel :_2( ) ) [(2 : ) J i
(x"+3a7)" (x7 +3a%)
o430 —ax (xP4+3a) | xP 43’ —4xt x*—a’
=2 2 24 =2 2 2N3 2 243
(x"+3a7) (x"+3a7) (x"+3a7)

To mpéonpo gt " pe v xvptdtra ¢ f Kou ta onueio Kopmng g
QOIVOVTOl GTOV ETOUEVO TTIVOKOL:

X —o0 —|al |af +o0

f + 0 - 0 +
1 1

f A 4 7N dof \(A

(O ¢ [OR

H f eivon xupt) oe xaBéva and ta dactiuata (—oo, —|af], [|af, +o0) Ko koiin
oto dtaotnpa [—ol, |af]. Exet onpeia kapmig to (<jaf, 1/40?) ko (o, 1/40)

H f, ogovveyng oto IR, dev £yl KATAKOPLOES AGVURTOTEG. XTA +00 KOl —o0
EXOVLE:
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. . 1 .
lim f(x) = lim — -=lm-—=0
X—>+0 Xodoo 5 S 30( X4 3
lim £(x) = lim ——— = lim —— =0
X—>—0 B X—>—0 X2 + 3(12 B X—>—0 X2 B

Apa &gl oprldvTIOL AGOUTTMTI GTO 00 KOl GTO —o0 TOV AEOVA TV X.
ZOUQOVA. [LE TA TOPUTAVED GLUTANPDOVOVUE TOV ETOUEVO TIVOKA HETAPOADV:

X —00 —|a] 0 la +00
£ - + 0 - -
£ + 0 - - 0 -
1 1 1
f 40 / 30c2—\< 402
oKX max oK
\ _/ ‘k’ 0

I'4.

H ypagikn ntapdotacn g f diveton 6to EXOUIEVO Gy LK

150
FAYT
i | Lag
/ \
_ H Lo %
o O |of

Hopatipnon. H feivou dptia apov yio kédbe x € IR 10 —xelR ko

1 1
f(—x)= = =f(x
%) (—x)* +3a’ x* +3a° ()
Emopévag pmopovpe va v peremmoovpe 6to dtdotnua [0, +o0) Kon va
enekteivovpe Ta cvprepacpata oto R

To (ntovuevo epPadd (Bréne T ypagikny mapactacn g f ) elvon peyarkvtepo
1
4o’

a6 1o eppfadd E, =|a| tov opboywviov mov opiletan amd TOVG

4o

dEovec ko T evbeleg X = o, y= , Kol pkpotepo oamd to epPoado

2
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1 1 , , , ,
E, =|a]| el o] tov opBoywviov mov opileron and Tovg GEoveg Ko TIg
04 04
1
Oel =0, y= . E : E
evbeieg x =0, y o nouevwg4|a|< <3|OL|

AMde: Ms a> 0, enedi £(x) >0 sivar E = I £(x)] dx = I £(x)dx . H f eivar
0 0
yvnoing edivovoa oto ddotnua [0, a], ordte yio x€[0, o] eivon

£or) < £(x) < £(0) & <f(x) <
4o

1 1
3a2 Qf(x)_F“ZZO Kot ﬁ_f(X)ZO

Emedon ot avrtictoyec 160t TEG deV 16Y00LVV 6€ Ao 1O [0, a, Eyovpe

I: {f(x)—ékiz}dx >0 Ko I: {3;2 —f(x)} dx >0

@Iaf(x)dx—{ XZT>0 o {Xz}a—rf(x)dx>0

4o 3a

@E—L>O KOLIL*E>O c>L<E<L<:>L<E<L
4a 3o 4a 3 4|a 3o

Me a <0 Ba epyacTovpe olotlmg.

OEMA A
Al.  ®¢tovue
x+2
x+2
Tote
ling(x) =-1 (1)
Ko
f(x)=(x+2)g(x)+2e""?, x£-2 (2)
Eivon
lin_lz[g(x)(x +2)+2e"?] = lin_lz[g(x)(x +2)]+ lil’{lz 28" =0+2=2
omoTE
lim2 f(x)=2
H £, og mapaywyicyun oto IR, eivan cvveyng oto IR, dpa kot otox, = -2, €161
lim2 f(x)=f(-2)=f(-2)=2 3)

‘Eyxovpe, pe x #-2
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_ _ @),(3) X+2 X+2 x+2
f(x)—-1(-2) . (x+2)g(x)+2e 2:(x+2)g(x)+2e I:g(x)+26 1
X+2 X+2 xX+2 X+2 x+2
) X+2 0
To 6pro hm2 5 glval 0pocdIOPLeTH HOPPT] TOTOV re [Tapatnpodpue 011
x>-2 X +

x+2 1\
lim u = lim(e**)=¢" =1
x—>-2 (X + 2)' x—>-2

Emopévac, epapuodleton o avriotoryog kavovag tov De L Hospital cOhppaova
e 1o omoio Ppickovpe

X+2 _ X+2 1\
im &=L~ jim & =D
=2 x4+2 x—>-2 (X + 2)'
Tote
. fx)-f(=2) .. et -1 .. |
f'(-2)=lim——— = lim +2 =lim g(x)+2 lim =
( ) X2 X + Xx—>-2 g(X) X + 2 Xx—-2 g( ) x—=>-2 X 4 2 1

2t ovvexeta mapatnpovpe 0t n C, eivon koikn, ywri £ '(x) < 0 oto IR
Emopévac ta onueio g C, eivon kdto ond to ovtictoryo ompeio g
EQATTOUEVI G TNG 0TO onpueio g A(=2, f (=2)), extdg TOL ONUEIOV ETAPNG TTOV
etvan kowvo onueto. H e&iowon g epantopevng eivon:

y—i(2)=f'(2)(x+2) oy-2=x+2y=x+4
Apa f(x) <x+4 yio kébe x elR
Hapatipnon. H oyéon avt) arodeucvietan ko pe ) forfeta g cuvaptnong
T(x) = f(x) —x —4, n omoia &xet péytoto 1o T(-2) = 0.

Eivon f(-2)=£(0)=2. Axdua 1 f eivar coveyng oto [-2, 0] kou Topoywyioiun
ot0 (-2, 0), g mapaywyicun oto R . Eeappoletan, emopévog, to Bempnua
tov Rolle yia v f oto dwotnua [-2, 0], owdte vdpyel x, €(—2, 0) té€too,
oote f'(x,)=0. Exreidn f7(x) <0 n f eivon yvnoiong edivovoa oto IR, ondte
TO X €lvou povadikn g pifa ko

o 7w Kdfe X €(—0, X,) eivaux<xo=>f ' (x)>f'(x0) =>f'(x)>0

* v KABe X €(X,, +0) elvan x>xy = f '(x) <f '(x9) = f'(x) <0

Apan f oc cvveyng £xet péytoto (ohkod) to f(x,) pe X, €(=2, 0).

H £’ eivan yvnoiog ebivovca oto IR, emouévmg eivon 1-1, omote
2(x-5) 2(x-5)
f'(j0 f(t —x)dt) =f(0) = jo f(t—x)dt =0 @)
Apxel va dei&ovpe, 0t n (4) £xer povaodikn piCa oto Ry x = 5.
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Ad4.

[Ipdypatt, yia x =5 1 (4) enaAnBedetan, yrori yiveton J.Oof (t—x)dt=0.

['a va dei&ovpe v povadikotnta g pilag Bewpov e v cuviptnon
heo=[""f(t-x)dt, xeR

Oétovpe t—x=u, omotedt=du. [a t=0 10 u=—-x xKouywx t=2 (x-95)

o u=x — 10, emopévag

heo =" fdu= [ fdu—[ "f(u)du

Erewo n f  eivon ovveyng, 1n oovvapmon ¢(x) = joxf (u)du eivon
ToPOy®YicIUN, ETOUEVMG Kol 01 cLVBESELS Tov X — 10 Ko —X pe v @ givon
TOPOUY®YICIUEG NE

(J.oxmf(u)du)' =(x-10) f(x -10) =f(x —10),

( onf(u)du)' = (=x)f(=x) = —f(—x)

Emopévarg nh sivon mapaywyicim, oc aBpoiouo Tapaymyiciiov
GUVUPTHCEWV, L€
h'(x) =f(x —10) +f(—x)
Eredn, ono to epommua Al f(x)<x+4 yia kabe X € IR, givon
h'(x)=f(x —=10)+f(—x) < (x—10)+4+(—x)+4=-2<0
Apa n h eivan yymoiog eOivovoa, emopévog ko 1-1, mov enuaivel 6t n pila
TG elvan povadikr]. Avto amodetkviel To {ntovuevo.
210 epodmpua Al dei&ope 6t £'(x) <0 ot0 (X,,+0) pe Xo(—2, 0). Emopéveg n
f elvan ywmoing o@bivovoa oto Shomqua [0,+0). Eivon |z + i| >0 Ko
|Z| +1=1> 0, apov 10 pétpo kdbe pryodikov givon pn apvntikdg apBude. Torte,
ue z=x+1y,x,y € IR maipvoope:
f(|z +i|) < f(|z| +1) S |Z +i| Z|Z|+1
Slx+(y+Di|=2|x+1y |+1

(:)\/X2+(y+1)2 2\/X2+y2 +1
2 2
<:>(\/X2+(y+1)2) 2(\/X2~|—y2 ~|—1)
SX Yy 2y +12xP+yt +2yx  +y? +1
Sy>axi+y’
2
< y20 ko yZZ(\/x2+y2)

Sy20 ka x° <0

< y20 ko x=0, dpa z=1iy,y € R", pavtoactikoc.
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